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Analysis of Beam Contact Problems via Optimal Control Theory
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A class of large-deflection contact problems for beams is treated within the framework of optimal control
theory, using an automated software system developed for variational optimization (e.g., trajectory optimization).
Analysis of both Euler-Bernoulli and Timoshenko-type models is presented. Essentially exact numerical solutions
are obtained by shooting, and the accuracy of a very efficient mixed finite element approach on which the automated
software is based is demonstrated. Advantages of posing the problem within the optimal control framework are
discussed. These include 1) being able to establish from the Euler-Bernoulli equations the existence of a physically
inappropriate touch-point solution and 2) the ease by which an integral of the governing equations can be found
to independently check the accuracy of a numerical solution.

Introduction

T HE buckling of a beam was set up as an optimal control prob-
lem by Bryson and Ho.1 The running length coordinate is the

independent variable analogous to time, the length of the beam to the
final time, the deflection and section rotation to the states, the total
energy (strain energy and potential of the applied load) to the per-
formance index, the strain measures to the controls, and the section
force and moment to the costates.

There are some distinct advantages to posing contact problems
within the optimal control framework. First, optimal control theory
is now in a highly developed form, able to incorporate state and con-
trol inequality constraints rather naturally, and provides insight into
the jump conditions which result from these constraints. Thus, it is
hoped that this paper will shed light on certain anomalous results
in the solution of elementary contact problems for beams. Second,
there are now many software tools for solving a wide variety of op-
timization and optimal control problems.2"5 VTOTS is such a tool
that solves optimal control problems via temporal finite elements6;
the finite element formulation associated with VTOTS is described
in detail in Refs. 7-9. This package allows for the analyst to simply
enter the performance index and specify the states, the control vari-
ables, and the relationships between them. At this point the software
system generates an appropriate finite element program, compiles
it, executes it, and outputs the solution. If the finite element results
are not sufficiently accurate, the analyst can either refine the mesh
or use the results as initial guesses for a shooting algorithm to obtain
an essentially exact solution.

There is a large body of literature on the finite element approach
to contact problems for beams. For example, Ref. 10 develops a finite
element approach to the contact problem based on the slack-variable
approach. The finite element results exhibit reasonably good agree-
ment with solutions obtained by other means, although there is
considerable oscillation in the finite element results. Reference 11
develops a finite element approach to the contact problem based on
the displacement method. This approach suggests that adjustment
of the location of the boundary node between areas of contact and
noncontact leads to improved convergence. However, the work notes
the difficulty in distinguishing touch-point results from those which
just have a small contact area. Reference 12 develops a mixed finite
element approach, pointing out some advantages of mixed methods
over displacement methods for this problem. Reference 13 develops
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an error estimation technique for the finite element solution of beam
contact problems. Reference 14 extends the displacement finite ele-
ment approach for beam contact problems to the large-displacement
case.

In this paper the problem of a laterally loaded elastic beam which
comes in contact with a smooth, flat surface is considered. This class
of problems can be treated analytically under certain circumstances,
such as when the problem is restricted to small deformation. For
example, in Ref. 15 an analysis of a loaded Euler-Bernoulli beam
resting on a table, but with one end extending beyond the table edge,
is presented. The weight of the overhanging portion causes some of
the part on the table to be raised up, whereas the rest lies flat on the
table. The analysis reveals that the shear force must jump, from zero
in the region of contact with the table, to a nonzero value dependent
on the distributed load in the region which is not in contact. The
presence of such a jump is disturbing on physical grounds. However,
more advanced analytical treatments16'17 show that with transverse
shear deformation, a far more realistic description of the physical
problem is obtained. (Addition of transverse normal strain provides
further improvement,18 but will not be considered herein.)

Approximate solution of contact problems can be approached
through special-purpose finite element programs. However, here we
will take advantage of the analogy with optimal control problems
to solve problems of beam contact with a general-purpose optimal
control software system.6 The beam is homogeneous and isotropic
and undergoes planar deformation. The analysis is based on the
geometrically exact strain-displacement relations of Reissner19 and
the usual constitutive relations of Timoshenko beams. The finite
element method of Refs.7-9 uses piecewise constant trial functions
for all variables, piecewise constant test functions for the control
(strains for this problem), and piecewise linear functions for the
states (displacements) and co-states (stress resultants). This leads to
very sparse coefficient matrices and closed-form, exact quadrature
over the element length.

Therefore, there are four objectives of this paper: 1) to call at-
tention to the utility of the optimal control analogy for the beam,
2) to show that the solution of optimal control problems with state
inequality constraints provides a suitable framework for solving
contact problems, 3) to illustrate an application of a mixed finite el-
ement method in the presence of unilateral constraints, and 4) to use
this framework to explore some additional reasons for the known
importance of shear deformation for this class of problem.

Statement of the Problem
We consider a simply supported beam of length €, loaded with a

uniform distributed load of magnitude q, and suspended at a height
hi above a rigid, flat, smooth support, as shown in Fig. 1. The
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Fig. 1 Schematic of loaded beam.

deformation of the beam is described in terms of horizontal dis-
placement of points on the reference line tu (positive to the right),
vertical displacement of points on the reference line tv (positive
upward), and cross-sectional rotation 0 (positive counterclockwise).
(The reference line is taken as the axis of cross-sectional centroids.)
The quantities u(x), v(x), and 0(x) play the role of states in the op-
timal control formulation, where ix is the running length coordinate
which is analogous to time. Note that 0 < x < 1.

The strain measures19 are taken as

(1)y = -(1 + u') sin 0. + v' cos 0

K=6f

where (X = d()/djc, € is the stretching of the reference line, y
is the transverse shear strain measure, and K is the bending strain
measure. When the strain energy per unit length U is expressed in
terms of these strain measures, the derivatives of U with respect to
6, y, and K are the component of the section force normal to the
cross-sectional plane, the component of the section force parallel
to the cross-sectional plane (the transverse shearing force), and the
bending moment, respectively. These relations hold even for large
deflections. The strain measures €, y, and K play the role of control
variables in the optimal control formulation.

The strain-displacement equations, Eqs. (1), are now inverted to
obtain the "state" equations

u' = (l-fe)cos0 -ysin0 - 1

v' = (1 + 6) sin0 + Y cos0 (2)

which will be adjoined to the performance index with Lagrange
multiplier functions denoted by Aw, Xy, and A.0, respectively. The
state constraint is

<0 (3)

Since S is independent of control variables, it is differentiated with
respect to x until a control variable appears explicitly.1 That deriva-
tive is then adjoined to the performance index with the Lagrange
multiplier function 77.

In light of the freedom of the right end to translate left and right,
the stretching of the beam reference line can be neglected. Thus, € =
0 and, in addition to h, the problem is governed by the dimensionless
parameters

GK12/EI
= qi3/EI (4)

where El is the bending rigidity and GK the transverse shear rigid-
ity. It should be noted that K plays the role of the dimensionless
bending moment in the beam, given by the dimensional bending
moment divided by El / I . Similarly, the dimensionless shear force
is denoted by V and is given by the dimensional shear force divided
by EI/t2.

Timoshenko Theory
The resulting nonlinear theory is referred to herein as Timoshenko

beam theory. The performance index is the total strain and potential

energy and is given by

J = -

The state equations reduce to

u' = cos 0 — y sin 0 — 1

v' = sin 0 + y cos 0

(5)

(6)

where K and y are now the only control variables. The state inequal-
ity constraint S does not depend explicitly on the controls. Thus, it
is differentiated once, yielding Sf = -v' = -(sin0 + ycos0),
which is an explicit function of y. This makes it a first-order con-
straint which almost always exhibits a boundary-arc solution. The
Hamiltonian is, therefore, given by

U = \(K2 + gy2 + 2/uv) - riv' + Xuu' + X.vv' + XeO' (7)

where 77 is nonnegative when the constraint is active (i.e., when the
beam is in contact with the surface) and zero otherwise. The costate
equations are

h>'d = — — = ku (sin 0 + y cos 0)
90

and the optimality conditions are

—— = g y - A M s i n 0
dy

dft

w - 77) cos0 = 0

= 0

The boundary conditions are defined as

«(0) = 0

v(0) = 0

(8)

— y sin 0)

(9a)

<9b)

(lOa)

(lOb)

(lOc)

(lOd)

(lOe)

(10f)

and with the state constraint active, we add internal boundary con-
ditions

(U)

where v is an unknown constant and x\ is the smallest value of ;c at
which the beam touches the support.

In light of the differential equation and boundary condition gov-
erning XM , it is clear that Ku(x) — 0 and may be identified as the
horizontal component of the section force. Thus, the dimensionless
shear force, which in this theory is most naturally given by

i/ 3U
V = —— = 2V3y *Y

can also be obtained from Eq. (9) as

V = -(A,w -77) cos 0

(12)

(13;
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When the constraint is not active, r\ = 0, and Xv is identified as the
vertical component of the section force (dimensionless). In any case,
the continuity of the control variable y assures us of a continuous
shear force distribution for constant g. Finally, note from Eq. (9b)
that X0 = —K which is the negative of the dimensionless bending
moment in the beam.

Euler-Bernoulli Theory
For the Euler-Bernoulli beam theory, in addition to 6 = 0, we

take y = 0. The total energy (strain and potential) reduces to

(14)

and the state equations to

v' = sin 9 (15)

where K is now the only control variable. Now S' — — v' = — sin 9
is independent of K. Another differentiation yields S" = —K cos#.
Note that this is now a second-order constraint which allows for
either a touch-point or a boundary-arc solution. The Hamiltonian is
defined as

— \K2 + IJLV - TJK cos 0 + \uu' + A, tft/ (16)

where, again, rj is nonnegative when the constraint is active and zero
otherwise. The costate equations are

*L = -?^=o (17a)

(17b)

X'e = — — = Xu sin 9 — Xv cos 9 — rjK sin 0 (17c)
89

and the optimality condition is

—- = K + A.0 — rj cos 0 = 0
9/c (18)

The boundary conditions are given in Eq. (10), and with the state
constraint active we add the internal boundary conditions

v(xi) + h = 0

active, S" = —K cos 0 = 0, which leads to K = 0 so that V = 0.
Thus, in the Euler-Bernoulli case it is clear that V is not continuous,
which is physically unrealistic. In this case there is no equation anal-
ogous to Eq. (12). Thus, the shear force is purely reactive, meaning
that one cannot solve for it in terms of controls (i.e., strain measures)
only.

In addition to the a priori prediction of the existence of bound-
ary arcs or touch points for the two beam theories and the physical
significance of the costates being identified as sectional forces and
moments, optimal control theory offers another advantage. For both
the Timoshenko and Euler-Bernoulli beam theories, the Hamilto-
nian H is a first integral and must be a constant over the entire beam
length. For example, in the Euler-Bernoulli case with the constraint
inactive, the constancy of the Hamiltonian reveals that

- W + VtanO = (V tan<9)U0 (23)

(19)

Recognizing V tan 9 as the axial force (tangential to the deformed
beam reference line), this is an extension of the first integral found
by the Kirchhoff analogy20; it allows for a rigorous check of any
numerical solution.

Results
The given optimal control problems were solved using the

VTOTS software system,6 which is based on mixed finite elements
in the time domain7; essentially exact shooting results were subse-
quently obtained using the finite element results as initial guesses.
The term mixed in the context of the beam problem means that
unknowns include quantities other than displacement, such as the
strain measures and the section force and moment. Some of the re-
sults obtained are given in Figs. 2-14. The value of g is fixed at
2500 whereas & is varied from 0 to 200.

In Fig. 2, the maximum displacement i>U=o.5 and maximum sec-
tion rotation O\X=Q vs ^ with the constraint inactive are shown for
the preceding nonlinear theories as well as for a linear version of the
Euler-Bernoulli theory. It is clear that the nonlinear theory is neces-
sary for the magnitude of the loads considered herein. However, as
expected, very little difference is observed between the Timoshenko
theory and nonlinear Euler-Bernoulli theory. No further linear re-
sults will be shown here.

In Figs. 3-7, results are presented for h = 0.2 and [i — 150. The
states (u,v, and 0) predicted by the two theories agree quite well,
as shown in Fig. 3. It is observed from Fig. 4 that values of Av from
the two theories agree well in the region where the constraint is
inactive. Moreover, the values of Av from the two theories have the
same qualitative behavior when the constraint is active; however,
the predicted jump in this costate, due to the constraint, occurs at
different places on the beam for the two theories. (The position and
length of portion of the beam in contact with the surface will be
examined subsequently.) Figure 5 shows that values of Xe predicted
by the two theories agree well in the region where the constraint is

A0(jt*) = A^(jCj~) — V2COS0

where v>i and \>i are unknown constants. Again, from Eqs. (lOe) and
(17a), we can identify AM(JC) = 0.

In accordance with Euler-Bernoulli beam theory, the shear force
is the negative of the derivative of the bending moment so that

which, according to Eq. (18), is given by

Substituting Eq. (17c), one obtains

(20)

(21)

(22)

When the constraint is inactive, 77 = rf = 0, and the result agrees
with Eq. (13). In other words, since the differential equation for kv
is identical for both cases, then the same value for the shear force is
obtained for both the Timoshenko and Euler-Bernoulli beam theo-
ries when the constraint is inactive. However, when the constraint is

CO

Vertical Displacement

-1.2
10 15 20 25

Load Intensity
30

Fig. 2 Maximum displacement v|x=o.5 and maximum section rotation
9 \X=Q vs load intensity p, from both nonlinear theories and a linear Euler-
Bernoulli theory.
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Fig. 3 Horizontal displacement u, vertical displacement v, and section
rotation 0 vs axial coordinate x from both nonlinear theories, p, = 150
and h = 0.2.
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Fig. 4 Vertical displacement costate Av vs axial coordinate x from both
nonlinear theories, n = 150 and h =0.2.

inactive, but when the constraint is active there are some qualitative
differences. It should be noted, however, that Xe for the Timoshenko
theory has a different meaning from Xe of the Euler-Bernoulli the-
ory. The optimality condition in the Timoshenko case, Eq. (9), re-
veals that \e = —K. However, according to Eq. (18) this is only
true in the Euler-Bernoulli case for points of the beam where the
constraint is inactive (i.e., where 77 = 0).

One must compare quantities whose physical meaning is the same
between the two theories to conclude anything. The bending mo-
ment K is such a quantity. It is clear from Fig. 6 that the predicted K
is qualitatively different for the two theories when the constraint is
active (note that K is constrained to be zero for the Euler-Bernoulli
theory). In Fig. 7 another physically meaningful quantity, the shear
force V, is shown. When the constraint is inactive, the two theo-
ries agree quite well, as expected for slender beams. However, two
things need to be observed. 1) The predicted length over which the
constraint is active is quite different for the two theories, the Euler-
Bernoulli theory predicting a much smaller contact length for this
loading. 2) The predicted behavior of V is qualitatively different
for the two theories. The Euler-Bernoulli result for V behaves sim-
ilarly to that of the elementary example of Ref. 15 with a physically
unrealistic jump. (This is reflecting a concentrated load—which ap-
pears to come out of nowhere!) On the other hand, the Timoshenko
result is more realistic physically. Note, however, that it predicts
a jump in the resultant load between the constrained and uncon-
strained regions, reflected in the discontinuity of the slope of V.
A higher order beam theory can alleviate this17 with rather modest
quantitative changes in the remaining results.
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Fig. 6 Curvature K (same as dimensionless bending moment) vs axial
coordinate x from both nonlinear theories, p - 150 and h - 0.2.
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Fig. 7 Shear force V vs axial coordinate x from both nonlinear theories,
p, = 150 and h = 0.2.

Figure 8 shows the contact length as a function of //,. Notice the
qualitative difference in the two solutions. The Euler-Bernoulli so-
lution exhibits touch-point behavior consistent with second-order
constraints, but the Timoshenko solution shows only boundary-arc
behavior. The beam comes in contact with the surface in the two
theories for nearly the same loading, as expected; but the Euler-
Bernoulli touch-point solution shows (unrealistically) that the beam
stays in contact at a single point until the load becomes nearly five
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Fig. 8 Contact length vs load intensity p , f o r h = 0.2.
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Fig. 9 Curvature K vs axial coordinate x from Euler-Bernoulli the-
ory: shooting (solid line), two finite elements per phase (T), eight finite
elements per phase (•), p, = 150 and h - 0.2.

times as large as the initial contact load (linear theory predicts ex-
actly five)! Then, as the load is further increased the contact length
begins to grow with load. On the other hand, the Timoshenko result
shows a monotonic growth of contact length with load right from
the point of first contact, again a more realistic result.

Figures 9-14 demonstrate the accuracy of the finite element
method used to generate guesses for a shooting method. In Figs. 9-
12, h = 0.2 and JJL = 150. The solid line is the shooting result, and
two finite element cases are shown, one with two elements in each
constrained and unconstrained section of the beam and one with
eight elements per section. Figures 9 and 10 show the curvature
from the Euler-Bernoulli and Timoshenko theories, respectively, vs
finite element results; Figs. 11 and 12 show the shear force. It can
be observed that the two-element case only very roughly approxi-
mates the solution; however, the eight-element case approximates
the solution very reasonably. It is a simple matter to increase the
number of elements even more if required.

Figure 13 shows the relative error of the contact length for h = 0.2
and IA = 150 vs the total number of elements used to approximate
the answer for the two theories. These results are nearly straight
lines on a log-log scale, the slope of which is approximately —2.
This means the method can be considered as a second-order method
where the accuracy increases with the inverse of the square of the
number of elements.

In Fig. 14 the pointwise relative error is shown for the uncon-
strained Timoshenko case with ^ = 20 and 16 finite elements.
The relative error shown is for the Hamiltonian and the main states
and controls. Except for y, there is strong correlation between the
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Fig. 10 Curvature K vs axial coordinate x from Timoshenko the-
ory: shooting (solid line), two finite elements per phase (T), eight finite
elements per phase (•), p, - 150 and h = 0.2.
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Fig. 11 Shear force V vs axial coordinate x from Euler-Bernoulli the-
ory: shooting (solid line), two finite elements per phase (T), eight finite
elements per phase (•), n = 150 and h - 0.2.
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Fig. 13 Relative error of the contact length from the finite element
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Fig. 14 Relative error of the Hamiltonian, states v and 9, and controls
7 and K from the finite element solution vs the axial coordinate, p, = 20.

relative error of the Hamiltonian and that of the primary variables. In
both cases, the largest errors are near the ends for this uniform mesh.
One possible explanation for the Hamiltonian not picking up the er-
ror in y is that the expression for the Hamiltonian can be shown to be
equal to the Hamiltonian for the Euler-Bernoulli model minus ^ Vy,
a term dominated by the other terms in the expression. In optimal
control problems it is always possible to construct a Hamiltonian
function that is exactly zero. Thus, it is suggested that departure of
the Hamiltonian from its zero value is of potential use as an error
indicator in finite element applications for adaptive/? or h refinement
of finite element solutions. The method presented herein provides
one with a Hamiltonian function similar to functions referred to by
Love20 as energy integrals of deformation.

Closure
Large-deflection behavior of a laterally loaded uniform elastic

beam in contact with a rigid, smooth, flat surface is analyzed within
the framework of optimal control theory. Two different beam theo-
ries are used: one based on a Timoshenko model, including trans-
verse shear deformation, and the other based on an Euler-Bernoulli
model, excluding it. As is known, the Euler-Bernoulli model pre-
dicts that the shear force jumps at the boundary between the portions
of the beam where the constraint is active and where it is inactive.

Analysis of this problem within the optimal control framework re-
veals the source of this physically unreasonable behavior. In the
Euler-Bernoulli theory, an expression for the shear force cannot be
obtained in terms of controls (i.e., strain measures) only. Further-
more, the second-order state constraint implies the possibility of a
touch-point solution—again, a physically unrealistic result in this
context. On the other hand, optimal control theory guarantees a con-
tinuous shear force for the Timoshenko theory, since the transverse
shear strain measure is a continuous control variable. Additionally,
optimal control theory provides a first integral which may be used
as an independent check of a numerical solution.
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